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Abstract
We identify the quantum algebra of position and momentum operators for a
quantum system bearing an irreducible representation of the super Poincare´ algebra
in the N > 1 and D = 4 superspace both in the case where there are not central
charges in the algebra and when they are present. This algebra is noncommutative
for the position operators. We use the properties of superprojectors acting on
the superfields to construct explicit position and momentum operators satisfying
the algebra. They act on the projected wave functions associated to the various
supermultiplets with defined superspin present in the representation. We show
that the quantum algebra associated to the massive superparticle appears in our
construction and is described by a supermultiplet of superspin 0. This result
generalizes the construction for D = 4, N = 1 reported recently. For the case
N = 2 with central charges we present the equivalent results when the central
charge and the mass are different. For the /kappa-symmetric case when these
quantities are equal we discuss the reduction to the physical degrees of freedom of
the corresponding superparticle and the construction of the associated quantum
algebra.
UNIVERSIDAD SIMO´N BOLI´VAR
1 Introduction
The adequate formulation of the quantum mechanics for a given classical system has
been the subject of much attention ever since the method of canonical quantization was
proposed in the late twenties but there are still unanswered questions in relation to
this important problem. In the presence of second class constraints, neither the Dirac
procedure nor any of the modern approaches, including the Becchi-Rouet-Stora-Tyutin
(BRST) construction, give a general recipe to represent the algebra of observables. It
has been proposed [1, 3] that any second class constrained system may be extended by
introducing new variables to a first class constrained one such that under partial or total
gauge fixing reduces to it. But although there are cases in which this approach provides
a solution to the construction of the observables of the theory, there are others for which
it does not. In particular, for extended systems, it is not known how to realize this
approach locally in a systematic way. In this letter we discuss this fundamental aspect
of the quantization procedure for superparticles in D = 4. We show that properties of
the superprojectors which reduce the superfields to the sectors associated to the irre-
ducible supermultiplets determine the algebra of the projected position and momentum
operators. For the superspin 0 sector this algebra coincides with the quantum algebra of
the massive superparticle.
A noncommutative structure of the geometric space appears in various physical con-
texts. The Seiberg-Witten [4], limit of constant antisymmetric B field in string theory
leads to a noncommutativity of the related Super Yang Mills and Super Born-Infeld fields
theories. Besides interacting super D-branes theories requires noncommutative coordi-
nates expressed as Lie algebra valued coordinates for consistency. Also the quantization
of the massive spinning and supersymmetric particles may be represented in terms of to
a noncommutative superspace.
As we review below, for massive superparticles the classical Dirac algebra of the
position operators describe a non commutative superspace. The Dirac brackets of the
Xµ coordinate variables are proportional to the internal angular momentum. For the
quantization of this system a set of operators different of the standard multiplicative
position operators which realizes the noncommutative algebra should be found. In [5]
we found indeed the general solution for the quantum algebra of N = 1 superparticles in
4 dimensions in terms of the superprojectors to the chiral and anti-chiral and tensorial
multiplets. In this case the chiral and anti-chiral N = 1 multiplets are associated to the
usual N = 1 superparticle and we found that the N = 1 tensorial spin 1/2 multiplet
should be associated to a new superparticle action [5, 6].
In this paper we extend our previous work for the N > 1 and D = 4 superspace both
in the case where there are not central charges in the algebra and when they are present.
After a discussion of the classical mechanics of the corresponding massive superparticles
which also serves to identify the general form of the quantum algebra in each of the
superspaces, we present the explicit solution for the quantum operators using the super-
projectors and demonstrate that they satisfy the right algebra.
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We notice that the solution of the quantum algebra is of course Lorentz covariant,
providing a general approach for the covariant quantization of massive superparticles.
2 The classical system without central charges
Let us consider first the massive superparticle [5, 7] in D = 4, N , superspace without
central charges (in this section we follow the discussion in [5]). The metric signature
is ηµν = diag{−1,+1,+1,+1} and the superspace coordinates are (x
µ, θai, θ¯a˙i), where
a = 1, 2 is a spinor index and i = 1, ..., N is the number of supersymmetric charges.
Naturally (θai)∗ = θ¯a˙i. We choose Dirac matrices to be off-diagonal and given by,
γµ =
(
0 σµ
σ¯µ 0
)
(1)
with σµ
ab˙
the Pauli matrices. The action principle for the massive superparticle is given
by [7]
S =
1
2
∫
dτ
(
e−1ωµωνηµν − em
2
)
, (2)
where ωµ = x˙µ − iθ˙aiσµ
ab˙
θ¯b˙
i
+ iθaiσµ
ab˙
˙¯θb˙
i
is defined for convenience. The generalized
momenta are given by
πe = 0 (3)
pµ = e
−1ωµ (4)
πai = −ipµσ
µ
ab˙
θ¯b˙
i
(5)
π¯ i
b˙
= −ipµθ¯
aiσµ
ab˙
, (6)
and satisfy the canonical Poisson bracket relations [7]
{xµ, pν} = δ
µ
ν (7){
θai, πbj
}
= −δabδ
i
j . (8)
The total angular momentum is given by
Jµν = Lµν + Sµν (9)
Lµν = xµpν − xµpν (10)
Sµν = −
1
4
(
θaiσµν
b
a
πbi + π¯
i
a˙ σ¯µν
a˙
b˙
θ¯b˙
i
)
. (11)
For this system, there is one first class constraint πe = 0 related to the reparametrization
invariance of the action which implies the secondary first class constraint p2 +m2 = 0.
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There also appear the constraints
dai ≡ πai + ipµσ
µ
ab˙
θ¯b˙
i
= 0 (12)
d¯ i
b˙
≡ π¯ i
b˙
+ ipµθ
aiσµ
ab˙
= 0 (13){
dai, d¯
j
b˙
}
= −i2δ ji pµσ
µ
ab˙
≡ Caib˙
j , (14)
which are second class since the matrix Caib˙
j is non singular ifm 6= 0. The Dirac brackets
are given by
{F,G}D = {F,G} − {F, dai} Cˆ
aib˙
j
{
d¯ j
b˙
, G
}
−
{
F, d¯ j
b˙
}
Cˆaib˙
j
{dai, G} . (15)
Here Cˆaib˙
j
=
1
2ip2
pµσ¯
µ a˙bδij and verifies
Caib˙
jCˆbkb˙
j
= δ ii δ
b
a . (16)
Calculating the Dirac brackets for all coordinates and momenta the result is [7]{
θai, θbj
}
D
= {πai, πbj}D = {pµ, pν}D = 0 (17){
θai, θ¯a˙j
}
D
=
−1
2ip2
pµσ¯
µ a˙aδij (18){
xµ, θai
}
D
=
1
2p2
pν σ¯
ν a˙aθbiσµba˙ (19){
xµ, θ¯a˙i
}
D
=
1
2p2
pν σ¯
ν a˙aθ¯b˙
i
σµ
ab˙
(20)
{xµ, xν}D =
−Sµν
p2
. (21)
The nontrivial Poisson bracket (21) was first discussed by Pryce [8] and in the context of
superparticles by Casalbuoni [7]. As we discuss below it is a most important ingredient
in the formulation of the quantum theory. Note that using (12) and (13), the equation
for the internal angular momentum Sµν (11) may be written also in the form
Sµν = εµνρλpρθ
aiσλ ab˙θ¯
b˙
i
. (22)
3 The quantum algebra
In order to construct a quantum theory on the superspace, related to the classical system
of the previous section or to any other supersymmetric system of interest formulated on
this superspace one should be able to identify a set of quantum operators satisfying the
corresponding algebra. For the superparticle this algebra is identified by applying the
quantization rules to the Dirac algebra discussed above. For other systems it should be a
suitable covariant generalization. In the functional space of all wave functions defined on
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the N superspace the standard position operators Xµ, Θ
a, and Θ¯a˙ act multiplicatively
and together with
Pµ = −i∂µ (23)
Πai = −i∂ai Π¯
i
a˙ = −i∂¯
i
a˙ (24)
Qai = Πai − iPµσ
µ
aa˙Θ¯
a˙
i (25)
Q¯ia˙ = −Π¯
i
a˙ + iPµσ
µ
aa˙Θ
ai . (26)
give a representation of the super Poincare´ algebra without central charges. [9, 10]. The
covariant derivatives are defined as
Da = ∂a + iσ
µ
ab˙
Θ¯b˙∂µ = iΠa − Pµσ
µ
ab˙
Θ¯b˙ (27)
D¯b˙ = −∂¯b˙ − iΘ
aσµ
ab˙
∂µ = −iΠ¯b˙ + PµΘ
aσµ
ab˙
(28)
The total angular momentum is given by,
Jµν = Lµν + Sµν (29)
Lµν = XµPν −XµPν , Sµν = −
1
4
(ΘiσµνΠi + Π¯
iσ¯µνΘ¯i) (30)
This representation is reducible and does not correspond to the quantization of the
superparticle. Let us introduce another set of quantum operators Xˆµ, Θˆai and Θ¯a˙i and
their corresponding momentum operators acting on the superfields in such a way that the
corresponding representation of the super Poincare´ algebra is irreducible. We propose
that these operators should satisfy the quantum algebra given by[
Pˆµ, Θˆ
ai
]
=
[
Pˆµ,
ˆ¯Θa˙i
]
=
{
Θˆai, Θˆbj
}
=
{
ˆ¯Θa˙i,
ˆ¯Θb˙
j
}
= 0 (31)[
Xˆµ, Pˆ ν
]
= iηµν (32){
Θˆai, ˆ¯Θa˙j
}
=
−1
2Pˆ 2
Pˆµσ¯
µ a˙aδij (33)[
Xˆµ, Θˆai
]
=
i
2Pˆ 2
Pˆνσ
ν a˙aΘˆbiσµba˙ (34)[
Xˆµ, ˆ¯Θa˙i
]
=
i
2Pˆ 2
Pˆν σ¯
ν a˙a ˆ¯Θb˙
i
σµ
ab˙
(35)
[
Xˆµ, Xˆν
]
=
−iSˆµν
Pˆ 2
, (36)
where Sˆµν is the internal angular momentum operator in in the subspace where we are
representing the algebra and reduces to the form (30)(in terms of the new operators) for
the representation corresponding to superspin 0 supermultiplets. This algebra indeed
generalizes the quantum algebra of the massive superparticle obtained by applying the
quantization rules to the classical Dirac described in the previous section. As stated
before to perform the quantization of the system one should exhibit a set of operators
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and a space of wave functions for which the quantum algebra above holds. The related
problem was solved forN = 1 in [5] using the properties of the operators [11, 12, 13] which
project superfields to the chiral, anti-chiral and tensorial supermultiplets which carry the
irreducible representations of the supersymmetry algebra present in the superfields in this
case. Following this approach let us consider the operators PG acting on the superfields
which project to the irreducible representations of the supersymmetry in the extended
case. As we show below the projected operators
Xˆµ = XµG ≡ PGX
µ
PG (37)
Θˆai = ΘaiG ≡ PGΘ
a
PG (38)
ˆ¯Θa˙i = Θ¯
a˙
G i ≡ PGΘ¯
a˙
iPG (39)
Pˆµ = P
µ
G ≡ PGP
µ
PG , (40)
satisfy the desired algebra with the internal angular momentum given by,
Sˆµν = SµνG ≡ PGS
µν
PG (41)
For the particular case in which PG projects to the superspin zero representation we
obtain the quantization of the massive superparticle. The explicit expressions for PG in
D = 4 for arbitrary N were obtained in Ref. [12]. In terms of the covariant derivatives
they are of the general form
PG ∝ D
[qD¯2NDp] (42)
where the square brackets mean that the corresponding indices are contracted and q+p =
2N . They satisfy,
PGDaiPG = PGD¯
i
a˙ PG = 0 (43)
[PG, Qai] =
[
PG, Q¯
i
a˙
]
= [Jµν ,PG] = [Pµ,PG] = 0 (44)
A direct computation of the quantum algebra using the expressions for the projectors
as was done for the N = 1 case is not practical in this case. Instead we present our general
result in the following theorem valid with convenient modifications also for D > 4
Theorem
Let PG be a projector operator that satisfy (43) and (44). Then the set of operators
(37-39) satisfy relations (31-36) and SµνG may be expressed in the form
SµνG = S˜
µν
G +W
µν
G (45)
with
S˜µνG = −
1
4
(
ΘGσ
µνΠG + Π¯Gσ¯
µνΘ¯G
)
(46)
W µνG =
Pα
4P 2
εµναλPGD¯
iσ¯λDiPG (47)
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Proof
To obtain this result we consider all the operators corresponding to the generators of
the super Poincare´ algebra projected as (37-40). Since the projectors commute with the
generators the projected generators also satisfy the super Poincare´ algebra. In particular
let us take the supercharges QGai and Q¯
i
G a˙ . The first step is to note that equations (43)
are equivalent to
ΠGai = −iPµσ
µ
aa˙Θ¯
a˙
Gi (48)
Π¯Gia˙ = −iPµσ
µ
aa˙Θ
ai
G . (49)
Here and in what follow we use that [Pµ,PG] = 0 and we write Pµ instead of P
µ
G. We
have then,
QGai = −2iPµσ
µ
ab˙
Θ¯ b˙
G i
(50)
Q¯ iG a˙ = 2iPµσ
µ
aa˙Θ
ai
G , (51)
and so we may write Θai and Θ¯b˙
i
in terms of the charges
ΘaiG =
i
4P 2
Pµσ¯
µ b˙aQ¯G i
b˙
(52)
Θ¯ b˙
G i
=
−i
4P 2
Pµσ¯
µ b˙bQGbi . (53)
Using the supersymmetry algebra for QGai and Q¯
G i
b˙
, one readily shows that relations (31)
to (33) hold. To see that relations (34) and (35) also hold we need only to note that[
XµG, Q
G
ai
]
= −σµaa˙Θ¯
a˙
G i (54)[
XµG, Q¯
G i
a˙
]
= σµaa˙Θ
ai
G (55)
Finally we show the non commutativity of XνG. We first proof equation (45). Writing
Πai and Θ
ai in terms of the covariant derivatives and the super charges,
Πai =
1
2
(Qai − iDai) (56)
Θai =
−1
2P 2
Pν σ¯
ν b˙a(D¯ i
b˙
− iQ¯ i
b˙
) (57)
and using that PGDaiPG = 0 implies also PGQbjDaiPG = 0 we see that
SµνG = PGS
µν
PG =
−1
4
PG
(
ΘiσµνΠi + Π¯
iσ¯µνΘ¯i)
)
PG =
Pα
8P 2
PG
(
(D¯i − iQ¯i)σ¯ασµν(Qi − iDi) + c.c.
)
PG =
−iPα
8P 2
PG
(
D¯iσ¯ασµνDi
)
PG +
−iPα
8P 2
PG
(
Q¯iσ¯ασµνQi
)
PG + c.c. (58)
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The first term is (47). For the second term we use equation (52) and the relation
QG = 2ΠG to obtain the right side of (46). This prove equation (45) for the projected
angular momentum operator. We note that from (45), Pryce condition [8] PµS
µν = 0
may be readily deduced. Using this and the algebra of Jµν one obtains[
Jµν , XλG
]
= −iXµGη
νλ + iXνGη
µλ (59)[
SµνG , X
λ
G
]
= −iXµGη
νλ + iXνGη
µλ −
[
XµGP
ν −XνGP
µ, XλG
]
(60)[
SµνG , X
λ
G
]
= −
[
XµG, X
λ
G
]
P ν +
[
XνG, X
λ
G
]
P µ (61)
0 =
[
PµS
µν
G , X
λ
G
]
= −iSλν + Pµ
[
SµνG , X
λ
G
]
(62)
iSλν = −Pµ
[
XµG, X
λ
G
]
P ν + Pµ
[
XνG, X
λ
G
]
P µ (63)
Note that the Jacobi identity implies that Pµ commutes with
[
XαG, X
β
G
]
. In the last
equation multiplying by Pν and doing the sum it is shown that Pν
[
XνG, X
λ
]
= 0. From
here the result
[XµG, X
ν
G] = −iS
µν
G /P
2 (64)
is obtained.
4 The Pauli-Lubanski vector and W µν
Let us see now that the W µν term of the internal angular momentum operator (see
(45)) is closely related to the super Pauli-Lubanski vector and fix the superspin of the
representation. Defining the Pauli-Lubanski vector in the representation space projected
by PG in the usual form
WGµ = PGWµPG =
1
2
εµναβP
ν
GJ
αβ
G +
1
8
Q¯iGσ¯µQ
G
i , (65)
where JµνG = L
µν
G + S
µν
G and
SµνG = S˜
µν
G +W
µν
G (66)
W µνG =
−Pα
4P 2
εµναλPGDiσλD¯
i
PG (67)
one can show that,
1
2
εµναβP
ν
G(L
µν
G + S˜
µν
G ) +
1
8
Q¯iGσ¯µQ
G
i = 0 . (68)
Then, the only non vanishing contribution to the super Pauli-Lubanski four vector comes
from the W µν term and one can write
WGµ =
1
2
εµναβP
ν
GW
αβ
G (69)
or equivalently
W µνG = ε
µναβPGαW
G
β . (70)
This shows directly that in the quantum theory of the superparticle for which one should
have W µνG = 0, W
G
µ also vanishes an so the corresponding super multiplet has superspin
0. Supermultiplets with higher values of the superspin appear in the other cases.
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5 Central charges and superprojectors
Let us now turn to the construction of the quantum algebra when there are central
charges in the supersymmetry algebra. In what follows we consider theN = 2 superspace.
Other cases may be discussed along the same lines.
The supersymmetry algebra is given by
{Qai, Qbj} = 2iεabεijZ
{
Qai, Q¯
j
a˙
}
= 2δ ji σ
µ
aa˙Pµ (71)
Superspace coordinates are now (xµ, z, z¯, θai, θ¯a˙i) an the algebra is represented on the
superfields by the operators
Z = −i
∂
∂z
Z¯ = −i
∂
∂z¯
(72)
Πai = −i∂ai Π¯
i
a˙ = −i∂¯
i
a˙ Qai = Πai − iPµσ
µ
aa˙Θ¯
a˙
i − εabεijZΘ
bj (73)
Q¯ ia˙ = −Π¯
i
a˙ + iΘ
aiPµσ
µ
aa˙ − εa˙b˙ε
ijZ¯Θ¯b˙
j
(74)
Qai = −i∂ai − ∂µσ
µ
aa˙θ¯
a˙
i + iεabεijθ
bj∂z (75)
(76)
As a guide for the construction of the quantum algebra let us consider the dynamics
of the superparticle in this superspace. The action for this system was proposed some
time ago by Azcarraga and Lukierski [15]. There are three simple invariants that can
be build in terms of the coordinates, wµwµ as before, (εabεijθ
aiθ˙bj + z˙) and its complex
conjugate. Therefore a general action invariant under the supersymmetry algebra is
S =
∫ (
1
2
(e−1wµwµ − em
2) + ℓ(θaiθ˙bj + z˙) + ℓ∗( ˙¯z − θ¯a˙i
˙¯θ ia˙ )
)
dτ (77)
Here ℓ is an arbitrary parameter with mass units. Generalized momenta are given by
pµ = e
−1ωµ πz = ℓ πz¯ = ℓ
∗ (78)
πai = −ipµσ
µ
ab˙
θ¯b˙
i
− πzθai π¯
i
a˙ = −ipµσ
µ
aa˙θ
ai − θ¯ ia˙ πz¯ (79)
The constraints are now
πe = 0→ p
2 +m2 = 0 (80)
dai = πai + ipµσ
µ
ab˙
θ¯b˙
i
+ πzθai (81)
d¯ ia˙ = π¯
i
a˙ + ipµσ
µ
aa˙θ
ai − θ¯ ia˙ πz¯ (82)
And satisfy:
{dai, dbj} = −2εijεabπz
{
d¯ ia˙ , d¯
j
b˙
}
= 2εijεa˙b˙πz¯ (83){
dai, d¯
j
a˙
}
= −2iδ ji pµσ
µ
aa˙ (84)
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The nature of the constraints depends on the value of ℓ.We consider first the case |ℓ| 6= m.
Then, all the constraints are second class. Introducing Cˆ the inverse of the constraints
matrix defined by (83-84) we have,
Cˆabij =
1
2∆
εabεijπz¯ (85)
Cˆaa˙ij =
1
2i∆
pµσ¯
µ a˙aδij (86)
∆ = p2 + πzπz¯ (87)
The Dirac brackets are then obtained as{
θai, θbj
}
D
= −Cˆabij
{
θ¯a˙i, θ¯
b˙
j
}
= −
¯ˆ
C a˙b˙
ij
(88){
θai, xµ
}
D
= −Cˆacikiσµca˙θ¯
a˙
k − Cˆ
aa˙i
kiσ
µ
ba˙θ
bk (89)
{xµ, xν}D = −
Sµν
p2
(90)
where Sµν is given by (11) which in this case is not equal to (22).
The quantization of this system may be done on the space of superfields using the
projectors approach. The straightforward quantization of the classical algebra leads to
the following quantum algebra {
Θˆai, Θˆbj
}
=
i
2∆
εabεijΠˆz¯ (91){
ˆ¯Θa˙i,
ˆ¯Θb˙
j
}
=
−i
2∆
εa˙b˙εijΠˆz (92)[
Θˆai, Xˆµ
]
=
1
2∆
εabεijℓ∗σµ
bb˙
ˆ¯Θb˙
j
+
i
2∆
PµPν σ¯
ν aa˙σµba˙Θˆ
b (93)
[
Xˆµ, Xˆν
]
=
−iSˆµν
P 2
(94)
To find a representation of this quantum algebra we use the superprojectors method
discussed above.The superprojector operator PG should commute with all the generators
of the super Poincare´ algebra and satisfies
PGDaiPG = PGD¯
i
a˙ PG = 0 (95)
Dai = iΠai − Pµσ
µ
aa˙Θ¯
a˙
i + iεabεijZΘ
bj (96)
D¯ ia˙ = −iΠ¯
i
a˙ +Θ
aiPµσ
µ
aa˙ + iεa˙b˙ε
ijZ¯Θ¯b˙
j
(97)
Using the same techniques as for the case without central charges we can show that using
the operators
Xˆµ = PGX
µ
PG (98)
Θˆµ = PGΘ
µ
PG (99)
ˆ¯Θµ = PGΘ¯
µ
PG (100)
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realize the quantum algebra (91). The first step is to note that using (73, 75, 96, 97),
θai and θ¯a˙i can be written in terms of the supercharges and the covariant derivatives. In
a matrix form: (
Θai
Θ¯a˙i
)
=
(
−1
2∆
εabεijZ¯ 1
2i∆
Pµσ¯
µ b˙aδij
1
2i∆
Pµσ¯
µ a˙aδ ji
1
2∆
εa˙b˙εijZ
)(
Qbj + iDbj
−Q¯ j
b˙
− iD¯ j
b˙
)
(101)
This implies, in particular, that:
Θˆai =
−1
2∆
εabεijZ¯Qˆbj −
1
2i∆
Pµσ¯
µ a˙a ˆ¯Q ia˙ (102)
ˆ¯Θa˙i =
1
2∆
Pµσ¯
µ a˙aQˆai −
1
2∆
εa˙b˙εijZQˆ
j
b˙
(103)
With these formulas at hand is easy to check all commutators in (91 except Pryce relation.
To prove this note that Sˆµν may be rewritten exactly in the same form as in the case
without central charges
Sˆµν =
−1
4
(
ΘˆiσµνΠˆi +
ˆ¯Πiσ¯µνΘ¯i
)
−
−iPα
8P 2
PGD¯
iσ¯µνDiPG (104)
Now the arguments that follow equation 59 remain unchanged and we conclude again
[
Xˆµ, Xˆµ
]
=
−iSˆµν
P 2
(105)
6 The kappa symmetric case
The set of constraints imply
ℓπ¯ ia˙ − ipµσ
µ
aa˙π
ai − (p2 + |ℓ|2)θ¯ ia˙ = 0 (106)
If |ℓ| = m this constraints are first class and indeed the system is κ-symmetric. Define
now,
C ia = ℓ
∗πai + ipµσ
µ
aa˙π¯
a˙
i (107)
C¯ ia˙ = ℓp¯i
i
a˙ − pµσ
µ
aa˙π
ai (108)
Following [15] we have a set of independent first class constraints,
φ = p2 +m2 = 0 πz − ℓ = 0 πz¯ − ℓ
∗ = 0 (109)
C 2a = 0 C¯
2
a˙ = 0 (110)
together with a set of second class constraints
da1 d¯
1
a˙ . (111)
To make the transition to the quantum theory we can split the second class con-
straints into a set of first class constraints and some gauge fixing conditions or we may
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rely on Dirac’s procedure and use super projectors. Of course, both mechanisms should
give the same answers. The first displays more clearly the particle content of the theory
while the second allows to represent directly position operators as self adjoint operators
in a Hilbert space.
To follow the first approach we should specify an admissible set of first class con-
straints. For example we can take d¯ 2a˙ , C¯
2
a˙ , C
2
a . The quantum mechanics of this
system should then be formulated in terms of a superfield V ((xµ, θai, θ¯a˙i, z) that satisfy
the equations:
(P 2 +m2)V = 0 D¯ 1a˙ V = 0 − i∂zV = ℓV i∂z¯V = ℓ
∗V (112)
ℓ∂¯2a˙V = σ
µ
aa˙∂µ∂
a2V (113)
ℓ∗∂aiV = −σ
µ
aa˙∂µ∂¯
a˙
iV . (114)
Let us consider now the method of superprojectors. Dirac’s procedure for this system
has been carried out with some detail in [15] so we need only to quote the results. First
note that the Dirac bracket of θa2 and θ¯a˙i with anything remains unchanged because
they commute with the constraints (da2 and d¯
2
a˙ ). The algebra of the π’s can always be
deduced from the rest so the independent degrees of freedom are encoded in the variables
(xµ, pν, θ
a1, θ¯a˙1) and the algebra of this variables is exactly the same as the N = 1 case
and is given by equations (17-21) with i, j = 1 also the Sµν piece is given by (22) but
only keeping the i = 1 term.
Quantization now follows exactly the same rules that the N = 1 case but the projectors
are constructed from the following covariant derivatives
Dai = ∂ai + iσ
µ
ab˙
Θ¯b˙
i
∂µ +mεabεijθ
aj (115)
D¯ i
b˙
= −∂¯ i
b˙
− iΘaiσµ
ab˙
∂µ +mεa˙b˙ε
ijθa˙j (116)
7 Quantization of massless superparticles
The discussion of the previous section suggests a way to treat another interesting prob-
lem, that of the quantization of massless superparticles in D = 4, 6, 8. It is known that
for massless particles it is difficult to define position operators. Here this is reflected
in the fact that for m = 0 the constraints (12-13) are a mixture of first and second
class constraints. Also it is not easy to disentangle the first and second class constraints
in a Lorentz covariant an irreducible way or to find a Lorentz covariant gauge fixing
condition. Instead we note that the set of first and second class constraints
p2, da, d¯a˙ (117)
is equivalent to a system with only first class constraints
p2, d¯a, φ
a ≡ SµabPµdb (118)
That is the set (117) is obtained from the set (118) upon gauge fixing. To show this
we need to see that if da is any field satisfying pµS
µabdb = 0 then there is a gauge
12
transformation generated by d¯a˙ that sets da = 0. Now the solution of pµS
µabdb = 0 is
db = S
µ
baξ
a˙, so the only thing we have to do is make a gauge transformation generated
by ξa˙d¯a˙. Now quantization is straightforward. The superfield satisfies
D¯a˙V = 0 (119)
Sµ a˙bDb∂µV = 0 (120)
This procedure also work nicely for the D = 10, IIB superparticle. In that case we have
two Majorana-Weyl θai of the same chirality that can be recast in a single θa, θ¯a˙ Weyl,
but not Majorana fermion. In this language D = 10, IIB superspace can be treated as
before, so that the above ecuations can also be considered as a quantization of the IIB
superparticle and are a complex extension of the linearized IIB supergravity.
8 Conclusion
In this paper we generalized the construction of the quantum algebra of the N = 1,
D = 4 superspace without central charges for an arbitrary number N of supersymmetric
charges. This was done using the properties of the superprojectors which project to
the irreducible supersymmetric multiplets. Here again the most remarkable aspect of
the algebra is related to the non trivial commutator of the position operators which is
proportional to the internal angular momentum operator. As another interesting point
we show that the quantum internal angular momentum splits in the general case in
two parts, one with the form suggested by the quantization of the superparticle and
a second term which also allows to represent express the super Pauli-Lubanski vector.
Our construction gives in particular a complete covariant solution of the quantization
of the massive superparticle in terms of the superspin 0 supermultiplet, but includes
also as for N = 1, the quantum algebra of other different systems with higher values of
the superspin. The identification of the corresponding pseudoclassical actions may bring
some clues on the physics of ten dimensional superspace.
We also applied the same methods to discuss the quantum algebras associated to the
N = 2, D = 4 superspace with central charges and their relation with the corresponding
superparticle. For the /kappa-symmetric case when the central charge and the mass are
are equal we discuss the reduction to the physical degrees of freedom of the superparticle
by a reinterpretation of some of the second class constraints as gauge fixing conditions.
We also mention how this approach may also be applied to massless particles and the
D = 10, IIB superparticle.
Our methods could be generalized to other dimensions in particular D = 10 [14]
where they may provide a new approach for the covariant quantization of supersymmetric
systems.
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